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We give a new proof of the known Shunkov's Theorem on loally nite
groups with the minimal ondition for nonabelian subgroups and also an
extension of the known Suhkova-Shunkov Theorem on Shunkov groups
with the minimal ondition for abelian subgroups.
The elebrated Shunkov's Theorem [1℄ asserts that a loally nite group,
whih satises the minimal ondition for abelian subgroups, is Chernikov.
Another known Shunkov's Theorem [2℄ establishes that a nonabelian loally
nite groupH, satisfying the minimal ondition for nonabelian subgroups, is
Chernikov too. Further, a nonabelian almost solvable group with the mini-
mal ondition for nonabelian subgroups is itself Chernikov (S.N.Chernikov's
Theorem [3℄).
Below we'll give a new proof of Shunkov's Theorem [2℄, whih is based
on Shunkov's Theorem [1℄ and S.N.Chernikov's Theorem [3℄ and on the
following proposition.
Proposition. If an abelian subgroup A of the loally nite group G is
nonnormal and maximal in it, then
A ∩Ag = Z(G), ∀g ∈ G\A, (1)
and for some normal subgroup N of G,
G = AN and A ∩N = Z(G). (2)
Proof. Let A be nonnormal and maximal in G. It is easy to see that
for g ∈ G\A, G = 〈A,Ag〉. So A∩Ag ⊆ Z(G). But, learly, Z(G) ⊆ A,Ag.
Thus (1) is orret. Therefore
A/Z(G) ∩ (A/Z(G))g = 1, ∀g ∈ G/Z(G)\A/Z(G). (3)
Then, with regard to (3), by Busarkin-Starostin-Kegel Theorem [4℄-[6℄, for
some normal subgroup N of G, (2) are orret.
Proof of Shunkov's Theorem [2℄. Let H be non-Chernikov. Then,
obviously, H ontains some non- (Chernikov or abelian) subgroup G suh
that any its proper subgroup is Chernikov or abelian. In view of Shunkov's
Theorem [1℄, some maximal abelian subgroup A of G is non-Chernikov.
Obviously, A is maximal in G. In view of S.N.Chernikov's Theorem [3℄, G is
not almost solvable. Hene follows that A is not normal in G. Consequently,
for some proper normal subgroup N of G, G = AN (see Proposition).
Clearly, N is almost solvable and G/N is abelian. But then, obviously, G
is almost solvable, whih is a ontradition.
Reall that by denition a group G is Shunkov, if for any nite subgroup
K of G, eah subgroup of NG(K)/K, generated by two its onjugated ele-
ments of prime order, is nite. Aording to Suhkova-Shunkov Theorem [7℄,
whih generalizes Shunkov's Theorem [1℄, Shunkov groups with the minimal
ondition for abelian subgroups are Chernikov. Also by [8℄, nonabelian pe-
riodi Shunkov groups with the minimal ondition for nonabelian subgroups
are Chernikov too.
Below we prove the following proposition based on Suhkova-Shunkov
Theorem [7℄.
Theorem. Let Y be a lass of groups in whih any periodi subgroup
is Shunkov, X be the minimal loal lass of groups ontaining Y and losed
with respet to subgroups and asending series. Then any X-group satises
the minimal ondition for abelian subgroups i it is Chernikov.
Proof. Suieny is obvious.
Neessity. Let X0 be the lass onsisting of all groups isomorphi
to subgroups of Y-groups, and by indution for ordinals β > 0: if there
exists an ordinal α suh that β = α+1, then Xβ be the lass of all groups,
possessing a loal system of subgroups that have a series with Xα-fators,
and if there is no suh α, then Xβ =
⋃
α<β
Xα. It is easy to see that X is the
union of lasses Xβ .
Suppose that the present theorem is not orret. Let γ be the least one
among all α, for whih Xα ontains a non-Chernikov group Gα satisfying
the minimal ondition for abelian subgroups. In view of Suhkova-Shunkov
Theorem [7℄, γ > 0. It is easy to see that for some ordinal ν, γ = ν + 1.
Consequently, G = Gγ has a loal system M of subgroups possessing an
asending series with Xν-fators.
In view of Shunkov's Theorem [1℄, G is not loally nite. So some
H ∈ M is not loally nite too. Let H0 = 1 ⊂ H1 ⊂ . . . ⊂ Hθ = H be an
asending series of H with Xν -fators and Hδ be the union of all loally -
nite terms of the series. Then, learly, Hδ itself is loally nite. Sine Hδ+1
is not loally nite, in onsequene of O.J.Shmidt's Theorem, Hδ+1/Hδ
is not loally nite too. At the same time, Hδ+1/Hδ is non-Chernikov.
The Xν -group Hδ+1/Hδ ontains a non-Chernikov abelian subgroup A/Hδ.
Sine Hδ+1 satises the minimal ondition for abelian subgroups, it is pe-
riodi. So A/Hδ is periodi and, at the same time, loally nite. Then by
O.J.Shmidt's Theorem, A is loally nite. Sine A satises the minimal
ondition for abelian subgroups, it is Chernikov (Shunkov's Theorem [1℄).
But then A/Hδ must be Chernikov, whih is a ontradition. Theorem is
proven.
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